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Abstract— An efficient method to compute the joint friction
torques as well as the external contact forces in forward
dynamics simulation of a robot manipulator is proposed. The
existence of friction inside mechanical gears substantially affects
behaviors of the robot, and hence, should be taken into
account. The strict form of the equation of motion disables
distinguishing the internal friction torques from the external
forces, which causes an increase of the degree of indeterminacy
and the computation cost. A semi-implicit approach in which
the internal friction torques and the external contact forces are
alternatively computed is proposed based on an assumption
that the net joint actuation torque does not much vary in a
short interval. It significantly reduces the computation cost at
a comparative accuracy with a completely implicit method.

I. INTRODUCTION

A robot manipulator is modeled as a collection of rigid
bodies that are interconnected by motors and gears and
interact with the environment. In order to simulate dynamic
behaviors of a robot accurately, the way to compute the
internal forces working at joints and the external forces
applied at contact points is influential to the result. The
computation of the external forces has been broadly studied
[1], [2], [3], [4], [5]. On the other hand, that of the internal
forces has not been so much discussed.

A motor is an equipment that generates the actuation
force (torque). The actuation force is directly provided
as the control input in many existing simulators. Let us
consider a combination of a DC motor and a gear with
a high reduction ratio, which is a standard component of
industrial manipulators. The control program decides the
voltage between the terminals (or the equivalent duty ratio
of a PWM amplifier). It turns to the current based on the
balance of impedance of the motor circuit and the counter-
electromotive torque. Then, the motor outputs a torque in
proportion to it, which is transmitted to the rotor and the link
with a loss due to the friction at the gear. As the above shows,
the mechanism that generates and transmits the actuation
force has an intrinsic dynamics to be modeled. When a
system has a sole motor-gear unit, the above process can
be tracked straightforwardly[6], [7]. However, if the robot
comprises multiple —sometimes tens of— actuation units
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and interacts with the environment, it is still a challenge
to simulate its behavior. In particular, the friction force
working inside of gears cannot be explicitly distinguished
from the external contact friction force in principle, so that it
is mathematically an indeterminate problem. Moreover, the
computation complexity becomes cube of the sum of the
number of joints and contact points.

This paper proposes an efficient method to compute the
friction torques at gears. It assumes that the balance of the
internal and external friction does not largely vary during
the timestep, and delays the timing of computation of the
external friction from that of the internal friction. Namely,
the joint friction forces are estimated first for each unit in a
deterministic manner in accordance with the external forces
determined one step before, and then, the external forces
are updated based on the joint torques including the friction.
This makes the computation complexity linear with respect to
the number of joints. A comparative study with a real motor
drive system showed that the proposed semi-implicit method
has almost the same accuracy with the implicit method. A
controlled motion of a robot manipulator that collides with
the environment was also simulated. The result showed that
the constraint of the proposed method was balanced better
than that of the implicit method.

II. COMPUTATION OF EXTERNAL AND INTERNAL
FORCES ACTING TO A ROBOT

A. Equation of Motion of Rigid Bodies and Motor-Gears

A robot manipulator is modeled as rigid multibodies
connected by joints. Suppose that the robot comprises the
same number n of rigid links and joints. The robot’s equation
of motion is represented as

HHHq̈qq+bbb = τττ + JJJT fff (1)

where qqq = [q1 · · ·qn]
T is the joint displacement, HHH ∈Rn×n is

the inertia matrix, bbb is the centrifugal, Coriolis and gravita-
tional force, τττ = [τ1 · · ·τn]

T is the joint actuation force, JJJ =
[JJJT

1 · · ·JJJT
m]

T,JJJi ∈ R3×n is the Jacobian matrix transforming
infinitesimal joint displacement to infinitesimal deviation of
the ith contact point, fff = [ fff T

1 · · · fff T
m]

T, fff i ∈R3 is the external
force acting at the ith contact point and m is the number
of contact points. From the viewpoint of forward dynamics,
equation (1) indicates that the joint acceleration can be com-
puted from the provided joint actuation force and external
force, and the time-evolution of the joint displacement and
velocity can be updated by the numerical integration of the
acceleration. Basically the external force is unknown and
determined in accordance with contact conditions.
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Many existing simulators assume that the actuation force
τττ is given in equation (1). In reality, it is determined
through coupled dynamics of of rigid bodies (links) and
actuators. Suppose each actuator comprises a DC motor and
a mechanical gear. The actuator’s equation of motion is
represented as

τi = EMi ei −DMi q̇i − γ2
i IMi q̈i + γiτ fi (2)

where EMi =
γiKMi

Ri
, DMi =

γ2
i K2

Mi
Ri

, γi is the reduction ratio, KMi

is the torque constant, Ri is the resistance of armature, ei is
the input voltage, IMi is the rotor inertia and τ fi is the friction
torque inside the gear. Equation (2) is rewritten in a vector
form as

τττ = EEEMeee−DDDM q̇qq−ΓΓΓ2IIIM q̈qq+ΓΓΓτττ f (3)

where EEEM = diag{EMi}, eee = [e1 · · ·en]
T, ΓΓΓ = diag{γi}, DDDM =

diag{DMi}, IIIM = diag{IMi} and τττ f = [τ f1 · · ·τ fn ]
T. Equations

(1) and (3) yield

HHHM q̈qq+bbbM = EEEMeee+ JJJT fff +ΓΓΓτττ f (4)

where HHHM = HHH +ΓΓΓ2IIIM and bbbM = bbb+DDDM . Now, the system
input is not τττ but eee, and unknowns are fff and τττ f .

B. Contact and Joint Constraint to Compute fff and τττ f

Many methods were proposed to compute the contact
forces. An intuitive approach is to model microscopic de-
formation of colliding bodies and compute the restitution
force, for example, with the hard spring-dumper. It is the
compensation at acceleration-level so that the small timestep
size is needed for stable computation, and thus it requires
high computation cost.

Another idea is to compute the forces based on the con-
straints at the contact points. The constraints are represented
as the following ideal relationship between the volocity vvvi at
the ith contact point and fff i:

( fin = 0 ∧ vin ≥ 0) ∨ ( fin ≥ 0 ∧ vin = 0), (5)
(∥ fff is∥ ≤ µs fin ∧ ∥vvvis∥= 0) ∨
( fff is =−µk fin

vvvis
∥vvvis∥

∧ ∥vvvis∥ ̸= 0) (6)

where nnni is the normal vector of the ith contact point
and xin = nnnT

i xxxi, xxxis = xxxi − xinnnni for an arbitrary vector xxx.
Equation (5) means that the restitution force is non-negative,
the contact point does not penetrate the contact object, and
the velocity and the force are complementary. Equation (6)
means that the friction force meets Coulmb friction law,
namely, the magnitude of friction is less or equals to the
maximum static friction if the contact point is not sliding,
and otherwise the kinetic friction acts there.

In the similar idea, it can be assumed that the joint velocity
q̇i at the ith point has relation the joint friction τ fi as follows:

(|τ fi | ≤ τ f s ∧ q̇i = 0) ∨ (τ fi =− fric(q̇i) ∧ q̇i ̸= 0) (7)

where

fric(q̇i) =Cτ q̇i + sgn(q̇i)
(
τ f k +(τ f s − τ f k)exp(−η∥q̇i∥)

)
,

(8)

Cτ and η are parameters to model Stribeck effect, τ f s is the
maximum static friction torque, τ f k is the constant kinetic
friction torque and the function sgn(x) is defined as

sgn(x)≜
{

1 if x ≥ 0,
−1 if x < 0. (9)

To summarize, the compuation of external and internal
forces is to find the fff and τττ f which satisfy the constraints
Eqs. (5), (6) and (7) based on the equation of motion (4)
with the system input eee.

C. Implicit Method to Solve Mixed Space Constraint

One of the typical methods to find fff is to solve the differ-
ential equation (1) and vvv = 000 with respect to fff satisfying the
constraints (5) and (6). If there is no solution, the solution
from the solver is projected to the value satisfying the con-
straints. In order to compute fff and τττ f in the coupled system,
the differential equation (4) and the following equations are
solved with respect to fff and τττ f :

vvv = 000, q̇qq = 000. (10)

Here, the differential equation (4) and the constraints (10)
are discretized with a implicit Euler integration as follows,
respectively:

HHHM[k+1]
q̇qq[k+1]− q̇qq[k]

h
+bbbM[k+1]

= EEEMeee[k+1]+ JJJ[k+1]T fff [k+1]+ΓΓΓτττ f [k+1], (11)

vvv[k+1] = 000, q̇qq[k+1] = 000 (12)

where h is the integration time step and xxx[k] is the vector
or matrix at t = kh. It is assumed that the time step h is
negligibly small and therefore the changes of HHHM,bbbM,JJJ, fff
and τττ f during h are also negligibly small. This assumption
is not strange since the changes are not considered when the
acceleration q̈qq is numerically integrated. In this assumption,
the following approximations can be set:

vvv[k+1]≈ JJJ[k]q̇qq[k+1], q̇qq[k+1]≈ q̇qq[k]+haaaq[k] (13)

where

aaaq[k] = HHH−1
M [k]

(
EEEMeee[k]−bbbM[k]+ JJJT[k] fff [k]+ΓΓΓτττ f [k]

)
.
(14)

Equations (12) and (13) yield the following equation:

AAAM[k] fff M[k]+ cccM[k] = 000 (15)

where AAAM[k] = JJJM[k]HHH−1
M [k]JJJM[k]h,

cccM[k] = JJJM[k]
(
HHH−1

M [k] (EEEMeee[k]−bbbM[k])h+ q̇qq[k]
)
,

JJJM[k] =
[

JJJ[k]
111

]
, fff M[k] =

[
fff [k]

ΓΓΓτττ f [k]

]
. (16)

Many proposed contact force computation methods solve
equation (15) in terms of fff [k]M directly. However, the
computed fff has unnatural distribution and chatters frequently
since the equation (15) is usually a statically indeterminate
problem. Wakisaka et. al. [5] proposed a method to compute
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more natural contact forces. The method is to compensate
the microscopic deformation in the momentum-level and
relax the constraint using Tikhonov’s regularization. The
regularization means the minimization of strain energy. The
new linear equation for compensation is represented as

AAAM[k] fff M[k]+ cccM[k]+ kMdddM[k] = 000 (17)

where

dddM[k] =
[

dddv[k]
dddq[k]

]
,dddv[k] =

 dddv1 [k]
...

dddvm [k]

 ,dddq[k] =

 dq1 [k]
...

dqn [k]

 ,

dddv1 [k] = pppi[k]− pppri
[k], dqi [k] = qi[k]−qri [k], (18)

pppi is the position of the ith contact point, pppri
is a referential

position to measure the penetration, qri is the referential joint
displacement to measure the deviation in the static-frictional
range and kM is the momentum-level compensation coeffi-
cient. Equation (17) is replaced to the following quadratic
programming using regularization technique:

fff M[k] =

argmin
fff M [k]

(
∥AAAM[k] fff M[k]+ cccM[k]+ kdddM[k]∥2 +λM∥ fff M[k]∥2) ,

subject to fin [k]≥ 0 (19)

where λM is the regularization factor to balance the contact
constraint and the force distribution. Only the linear condi-
tion (5) in all the constraints (5), (6) and (7) is considerd
with the above quadratic programming to simplify the com-
putation. After the problem (19) is solved, the solution is
modified to satisfy the nonlinear frictional constraints based
on Equations (6) and (7) as follows:

fff i[k] =
{

fff i[k] if ∥ fff is [k]∥ ≤ µs fin [k],
−µk fin [k]sgn(vvvis [k]) if ∥ fff is [k]∥> µs fin [k],

(20)

τ fi [k] =
{

τ fi [k] if |τ fi [k]| ≤ τ fs ,
−fric(q̇i[k]) if |τ fi [k]|> τ fs

(21)

where the function sgn(vvv) is defined as

sgn(vvv)≜
{

000 if ∥vvv∥= 0,
vvv
∥vvv∥ if ∥vvv∥ ̸= 0. (22)

After fff [k] and τττ f [k] are computed, qqq and q̇qq are updated
by the numerical integration of q̈qq and the referential states
pppri

and qri are updated as follows:

pppri
[k+1] =

{
pppi[k] if fff i[k] was modified,
pppri

[k] otherwise, (23)

qri [k+1] =
{

qi[k] if τ fi [k] was modified,
qri [k] otherwise. (24)

This approach has the following three problems.
1) The degree of indeterminacy is increased.
2) fff M[k] is defined in a mixed space of the contact forces

and the joint torques, which is hard to be interpreted in
a sense of physics, so that it is more ambiguous how
to tune kM and λM .

3) The number of unknowns is n+3m. Consequently, the
computation complexity is O((n+m)3).

(3), (9)e f, fq,

{ f, q}

(4), (5), (6)

{f, q}

(3) fq,

f

O(n) O(nm+m3)

e (4), (5), (6), (9)

O((n+m)3)

(b) proposed semi-implicit method

(a) implicit method

f, fq,

Fig. 1. Outline of the implicit and the proposed semi-implicit methods

III. SEMI-IMPLICIT METHOD TO COMPUTE INTERNAL
AND EXTERNAL FORCES

A pragmatic idea against the above three problems is to
utilize the fact that actuator dynamics described by (3) is
diagonal and only the internal torque τττ couples the link
and the actuator dynamics. Let us assume that the joint
friction has a much slower response to fast impacts than the
contact force, and accordingly, that the previous τττ[k−1] can
be substituted for τττ [k] to compute τττ f [k]. Fig. 1 shows the
computation flow of the proposed semi-implicit method (and
the implicit method). First, q̇qq[k+1] = 000 in terms of τττ f [k] is
solved based on (3) using τττ[k−1]. After that, vvv[k+1] = 000 in
terms of fff [k] is solved based on (4) using the computed τττ f [k].
The following one-dimensional quadratic programming is
solved to compute τττ f [k]:

τ fi [k] = argmin
τ fi [k]

((
Aqi τ fi [k]+ cqi [k]+ kqdqi [k]

)2
+λqτ fi [k]

2
)

(25)
where Aqi =

1
γiIMi

h,

cqi [k] =
1

γ2
i IMi

(EMi ei[k]−DMi q̇i[k]− τi[k−1])h+ q̇i[k].

(26)

The problem (25) is directly solved as

τ fi [k] =−
Aqi

A2
qi
+λq

(cqi [k]+ kqdqi [k]) , (27)

and then τ fi [k] is checked and modified based on (21). Now,
only fff [k] is unknown in (4). The proposed method solves
the following quadratic programming in the same idea with
Wakisaka et. al.[5] to compute fff [k]:

fff [k] =argmin
fff [k]

(
∥AAAv[k] fff [k]+ cccv[k]+ kvdddv[k]∥2 +λv∥ fff [k]∥2) ,

subject to fin [k]≥ 0 (28)

where

AAAv[k] = JJJ[k]HHHM[k]−1JJJ[k]Th,

cccv[k] = JJJ[k]
(
HHHM[k]−1(EEEMeee[k]−bbbM[k]+ΓΓΓτττ f [k])h+ q̇qq[k]

)
,

(29)

and then fff [k] is also checked and modified based on (20). A
technique to compute AAAv with O(nm) proposed in[3] is avail-
able by exploiting ABI method [8]. Hence, the computation
complexity of this method is O(n+nm+m3).
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Fig. 2. simulation1: a motor drive unit and the simulation model

To summarize, the procedure to compute both the external
contact forces and the internal gear friction torques and to
update the joint state is as follows.

1) Initialize qqq[0], q̇qq[0] and τττ[0] = 000.
2) Compute τττ f [k] from (27) on the given eee[k].
3) Check and modify τττ f [k] based on (21).
4) Compute AAAv[k] and cccv[k] from (29).
5) Compute fff [k] from (28).
6) Check and modify fff [k] based on (20).
7) Compute q̈qq[k] applied the modified fff [k] and τττ f [k]

based on ABI method.
8) Update qqq and q̇qq by a numerical solver of ordinary

differential equation.
9) Update pppri

and qri based on (23) and (24), respectively.
10) k = k+1 and go back to 2).

IV. SIMULATION

A. Setup

This section shows three forward dynamics simulations for
robot manipulators, to each of which actuators the following
voltage is applied:

ei = sat
(

eir ,γi

(
KPqi +KI

∫
t
qidt +KDγ q̇i

))
(30)

where sat(a,x) is the saturation function as

sat(a,x)≜

 a if x > a,
x if x ∈ [−a,a],
−a if x <−a,

(31)

eir is the rated voltage of the ith actuator. This is a simple
PID controller. The control cycle is set for 2ms.

The simulation ran on a PC with Intel(R) Core(TM) i7-
2720QM 2.20GHz CPU and 8GB RAM. Runge-Kutta-Gill
method was used as an integrator where the integration time
step h = 1ms.

B. Simulation 1: a drive unit of one link and one motor
under an external torque

The first simulation was of one link driven by one geared
motor controlled by a low-gain PID controller. The ade-
quacy of the proposed joint friction computation method is
evaluated through a comparison with the real motor drive
system. The real system and the simulated model are shown
in Fig. 2. The arm’s length is 100mm, width is 30mm, depth
is 5mm and mass is 35.6g. The motor property is R= 2.36Ω,
KM = 2.58N ·m/A, IM = 7.03 × 10−6kgm2 and its rated
voltage is 24V. The reduction ratio of the gear is 120. The
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Fig. 3. simulation1: external torque
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Fig. 4. simulation1: joint angle

joint friction properties of (21) were set for τ f s = 0.041N ·m,
τd f = 0.036N ·m, Cτ = 1.53N ·ms/rad, η = 100. The mo-
tor was controlled by the PID controller of which gains
were KP = 0.025448V/rad,KI = 0.046742V/(rad · s),KD =
0.005771V · s/rad, respectively. The target joint angle was
0deg between 0–5s and 10deg between 5–30s.

A 30s motion was simulated when the force was applied
to the manipulator in Fig. 3. The force in the real system
was applied by a human’s hand. The torque sensor output
shown by the red line on Fig. 3 includes not only the actually
applied torque but also the sensor noise. The force shown by
the green line on Fig. 3 was applied in the simulation in order
to estimate the sensor noise qualitatively from the fact that
the hand did not touch the arm at 0–10, 15–24 and 25–30s.

Although the joint friction should be compared between
the experiment and the simulation in order to evaluate the
performance of the joint friction computation, the real joint
friction cannnot be measured directly. In this case where
the known external torque was applied to the one link,
it can be supposed that the measurable joint angle has a
similar characteristic of the joint friction. For the reason,
the joint angle is compared here. Fig. 4 shows the joint
angles of the experiment and the simulation. According to
Fig. 4, the proposed method is consistent with the experiment
qualitatively and the result is almost the same of the implicit
method which is expected to be more accurate. As can be
seen from 25–30s in Fig. 4, the joint angle with the proposed
method tends to stop more earlier. The reason is that the
proposed method utilizes the implicit discretization. While it
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0.000 s 0.300 s 0.600 s 0.900 s 1.200 s 1.500 s

Fig. 5. simulation2: Snapshots with joint friction using the proposed method

initial state desired state contact point

Fig. 6. simulation2: simulated model at the initial state, the desired state,
and the state with contact
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contributes to the numecrical stability, it tends to update the
states such as energy of the system is reduced.

C. Simulation 2: two-link manipulator with high gain con-
troller cliding the ground

The second simulation was of a manipulator comprising
two links and two geared motors controlled by a high-gain
PID controller. Fig. 6 shows the initial joint state q1 =
90,q2 = −90deg and the desired joint state q1 = 90,q2 =
90deg of the simulated model. Each link forms a cuboid as
100×100×300mm and its weight is 1.0kg. Each gear unit is
a cylinder with 100mm height, 100mm diameter, and 0.5kg
weight. The motor and joint friction properties were the
same with those in simulation 1. The controller gains were
KP = 100.0V/rad,KI = 0.0V/(rad · s),KD = 1.0V · s/rad. The
controller applied the input voltage only 0–4s, and after that
the input was zero. From Fig. 6, the manipulator collided to
the ground.

Fig. 5 shows the snapshots of the simulation with the
proposed method and Fig. 7 shows the joint angles using
the proposed method and the implicit method. According
to Fig. 7, even after the collision, the proposed method
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Fig. 8. simulation2: contact force with the proposed method
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Fig. 9. simulation2: contact force with the implicit method

simulated almost the same movement of the manipulator as
the implicit method.

On the other hand, with respect to the external contact
forces and the joint frictions, there is a difference between
these methods. Figs. 8 and 9 show the contact normal forces
at the contact point of the proposed method and the implicit
method. It can be seen that the peak of the collision normal
force with the proposed method shown is bigger than that
with the implicit method. The reason is that the proposed
method assumes that the contact force has a faster response
to the fast change of the motion than the joint friction.

Figs. 10 and 11 show the joint frictions using the proposed
method and the implicit method, respectively. According to
Fig. 11, the kinetic friction acted on the joint 1 and at all time
during 2–4s the joint 1 did not move. It can be seen that the
constraint of the joint friction on the joint 1 is unnaturally
weighted harder than any other constraints containing the
contact constraints. It indicates that the balance of the relax-
ation is not good since the constraint is defined in the mixed
space of the contact forces and the joint friction torque.
On the other hand, according to Fig. 10, the static friction
worked on the joint 1 and the stick-slip phenomenon in which
static and kinetic friction switch frequently is observed on
the joint 2. The difference of the two methods as previously
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Fig. 10. simulation2: joint friction torque with the proposed method
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Fig. 11. simulation2: joint friction torque with the implicit method

stated shows that the constraint on the proposed method is
balanced especially with regard to joint.

D. Simulation3: the pendulum with the n degree of freedom
for evaluating the calculation time

The third simulation was of pendula colliding to the
ground at two points. The calculation time was compared
with regard to the number of joints, namely, degree of
freedom using the proposed method and the implicit method.
Fig. 12 shows the simulated models of 2 and 3 joints pendula.
As Fig. 12, the pendula with 1,2,3,4,5,10,20,30,40,50,100
degree of freedom are simulated under two contact points.
Fig. 13 shows the calculation time. It can be seen from the
figure that the proposed method has the linear computation
complexity with respect to the number of joints and is much
faster than the implicit method.

V. CONCLUTION

This paper proposed a new joint friction computation
method with O(n) complexity where n is the number of
joints. In this method, it is assumed that the balance of
internal and external friction, namely, the balance of the
joint friction and the contact forces does not largely vary
during the interval. The joint friction is estimated first for
each joint and then the external contact forces are updated
based on the joint friction. The proposed method achieves the
linear complexity since the internal friction is distinguished
from the external friction approximately. The performance
of the method was evaluated through three simulations. The
first simulation is of a one-link manipulator. The result
shows that the computed joint angle is the same of the
experiment qualitatively. The second simulation is of a two-
link manipulator colliding to the ground. The comparison
between the proposed method and the implicit methods

(a) 2 DoF pendulum (b) 3 DoF pendulum

Fig. 12. simulation3: simulated model
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Fig. 13. simulationf3: calculation time

shows that the constraint on the proposed method is balanced
with regard to joint. The third simulation is of a manipulator
comprising many links. It is verified that the computation
time of the proposed method is much shorter than that of
the implicit method as n increases.
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