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Abstract— This paper proposed a novel forward dynamics
computation method which complexity is O(n) where n is
the number of bodies. In this method, contact constraints
based on the macroscopic method are relaxed by regularization
technique, thereby the numerical stability is improved. The
relaxation causes larger penetrations at contact points, which
are compensated the penetrations at the momentum-level by
low computation cost. In addition, a novel friction model was
proposed. This model enables to compute the static friction
more stably. The performance of the proposed method was
evaluated by comparing with the microscopic and macroscopic
methods with simulation of 6DOF pendulum’s motion.

I. INTRODUCTION

Contact force computation is one of the key issues in the
forward dynamics simulations of robots which frequently
interact with environments such as legged robots. They are
produced from local deformations of interacting bodies, so
that it is a straightforward idea to model those deformations,
particularly as hard spring-dampers [1][2][3][4]. In many
cases, the deformations of robot body parts are much smaller
than the inertial movement of them, so that those microscopic
processes should be tracked in detail with quite a short
discretized interval. Hence, it usually requires a large compu-
tation cost. An alternative idea is to estimate them inversely
from predicted movements of contact points after the interval
based on the momentum conservation law[5][6][7][8]. Since
this macroscopic approach directly computes abrupt changes
of velocities of colliding bodies during each interval, it stably
constrains the contact points regardless of the interval with
rather less computation cost. A known problems of this
approach is that the distribution of the forces at each contact
point to constrain a rigid body tends to be unnatural and
often chatters due to the statically indeterminate problem,
and accordingly, the numerical ill-posedness.

Sugihara and Nakamura[9] proposed a method to com-
bine the above microscopic/macroscopic contact models in
a complementary way. The numerical ill-posedness of the
macroscopic contact model is resolved by a regularization
technique[10]. By relaxing the constraint of contact points,
the change of distribution forces is moderated and chattering
is suppressed. The penetration happening in return for this is
recovered by soft spring-dampers. It has the following three
problems. (i) It still has a difficulty at the choice of the spring
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Fig. 1. Coordinate at contact points

and damping coefficients for stable computation, though it
is not as critical as that in pure microscopic models. (ii)
Shortage of the friction forces cannot be compensated since
the microscopic model doesn’t produce static friction forces.
(iii) The complexity of computation is O(n3) where n is the
degree-of-freedom of the robot.

This paper proposes a method to solve the above issues.
It also relaxes the contact constraints and finds a reasonable
distribution of contact forces. The penetration is compensated
by adding the restitution component to the velocity of contact
points after each interval. It is found to be equivalent with
a spring-damper model which is automatically adjusted to
guarantee the stability through a discussion of momentum-
level dynamics. In addition, the transition of friction mode
within an interval is revised, and physically more realistic
behaviors are observed. In terms of computation complexity,
Kokkevis’s method[11] was employed for O(n) implementa-
tion.

II. MACROSCOPIC CONTACT MODEL

A. Contact-frame-based equation of motion

Suppose rigid bodies are modeled as polyhedra, and all
collisions and contacts happen between a vertex of a poly-
hedron and a plane of another polyhedron for simplicity. Let
us attach a coordinate frame to each contact point as shown in
Fig.1, where pppi ∈R3 is the position vector of the ith contact
point, nnni1 ∈R3 is the normal vector of the contacting plane,
and nnni2 ∈ R3 and nnni3 ∈ R3 are the two tangential vectors
on the plane. Suppose nnni1 ∼ nnni3 are all normalized, namely,
‖nnni1‖ = ‖nnni2‖ = ‖nnni3‖ = 1 and orthogonal with each other,
namely, nnnT

i1nnni2 = nnnT
i2nnni3 = nnnT

i3nnni1 = 0. The contact force fff i
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acting at pppi is decomposed into the normal force fff Ni and
the friction force fff Fi as

fff i = fff Ni + fff Fi (1)
fff Ni = fi1nnni1 (2)
fff Fi = fi2nnni2 + fi3nnni3, (3)

where fi j is a component of fff i along with nnni j.
Let us define the whole contact force vector fff ≡

[ fff T
1 · · · fff T

m]
T and the whole acceleration vector aaa ≡

[p̈ppT
1 · · · p̈ppT

m]
T, where m is the number of all contact points.

fff and aaa have the following linear relationship:

aaa = AAA fff +aaa0, (4)

where the matrix AAA ∈ R3m×3m is the positive-semidefinite
inverse inertia matrix in the contact frames, and aaa0 ∈ R3m

is the bias acceleration due to the centrifugal, Coriolis and
gravity accelerations.

Kokkevis[11] proposed an efficient computation of AAA and
aaa0 utilizing the articulated body inertia (ABI) method devel-
oped by Featherstone[12]. Given the external force fff , ABI
method provides the corresponding acceleration aaa, which is
denoted as aaa( fff ), with O(n) of the computation complexity
with respect to the number of bodies n. Obviously, aaa0 = aaa(000),
namely, aaa0 is obtained by giving fff = 000 to ABI method. Also,
the jth column vector of AAA, (aaa) j, is computed as

(aaa) j = aaa(eee j)−aaa0, (5)

where eee j is a vector only whose jth component is 1 and the
others are 0. This was inspired by the unit vector method[13].
The computation complexity of processes to obtain aaa0 and
AAA are O(nm) and O(nm2), respectively.

B. Momentum-level contact model and relaxation

Suppose the changes of AAA and aaa0 are negligibly small
comparing with that of aaa and fff . Eq.(4) is integrated in time
as

vvv+ = AAA∆ fff +bbb, (6)

where

bbb =
∫

∆ t
aaa0dt + vvv− ' aaa0∆ t + vvv−, (7)

∆ fff =
∫

∆ t
fff dt, (8)

where ∆ t is the discretized interval, and vvv− ∈ R3m and
vvv+ ∈ R3m are collections of the whole velocity vectors ṗppi
immediately before and after contact, respectively.

If the completely plastic collision is assumed at every
contact points, we get

vvv+ = 000 ⇔ AAA∆ fff +bbb = 000. (9)

If the above equation is solved for ∆ fff , the contact force fff
is approximately computed as

fff ' ∆ fff
∆ t

. (10)

Fig. 2. Momentum-level penetration compensation

However, AAA is not necessarily regular; in the case that at least
one of the bodies is in contact with another body at more than
three points, it becomes a statically indeterminate problem,
so that the contact forces are not uniquely determined. It is a
typical ill-posed problem and chattering often happens due to
the numerical instability. Another problem is that Eq.(9) is no
more than a collection of locally defined contact-frame-based
equations of motion, and thus it may violate the relationship
between points on the identical rigid body.

To solve these problems, Sugihara et al.[9] proposed
a method which relaxes the linear equation Eq.(9) using
Tikhonov’s regularization technique; the following quadratic
programming problem under the unilaterality constraint of
normal forces is solved instead of Eq.(9):

1
2
‖AAA∆ fff +bbb‖2 +

1
2

λ‖∆ fff‖2→min.

subject to nnnT
i1∆ fff i ≥ 0 (i = 1 · · ·m), (11)

where ∆ fff i is the impulse corresponding to the contact force
fff i and λ is a relaxing coefficient. Note that the larger λ is,
the smaller the norm of the computed ∆ fff is than the solution
satisfying Eq.(9), which means that the solution of Eq.(11) is
short for constraining the contact points. As the result, they
penetrate each other and contact points which are static in
reality could slip. Sugihara et al.[9]’s method compensates it
by combining with microscopic method in which the contact
is modeled as a spring-damper. The computation does not
mach increase since rather soft spring-dampars are available
by virtue of the macroscopic constraining. However, this has
a difficulty at the tuning of the coefficients.

III. MOMENTUM-LEVEL PENETRATION COMPENSATION

A. Computation of compensation force

The proposed method compensates the penetrations at
the momentum-level, where the velocities of contact points
after the interval are set for compensating the penetrations
as Fig.2. The contact constraint Eq.11 is replaced with the
following equation:

vvv+ =−kddd ⇔ AAA∆ fff +bbb =−kddd. (12)
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Fig. 3. Referential point of contact

where ddd is a collection vector of all displacements dddi of
contact points from the referential points, which the contact
points are to be constrained at in the ideal situation, and k
is a compensation coefficient. The regulariztion technique is
again employed instead of solving Eq.(12) as

1
2
‖AAA∆ fff +bbb+ kddd‖2 +

1
2

λ‖∆ fff‖2→min.

subject to nnnT
i1∆ fff i ≥ 0 (i = 1 · · ·m). (13)

The solution of the above Eq.(13) in the case that the
inequality constraints are all satisfied is

∆ f̃ff =−
(
AAATAAA+λ111

)−1
AAAT (bbb+ kddd) , (14)

which is equivalently

f̃ff =−
(
AAATAAA+λ111

)−1
AAAT

(
aaa0 +

k
∆ t

ddd +
1

∆ t
vvv−

)
(15)

from Eqs.(7) and (10). Eq.(15) can be interpreted that the
contact force is yielded by a spring-damper with time-
dependent coefficients k

∆ t and 1
∆ t , and is reoriented by

(AAATAAA+ λ111)−1AAAT. If nnnT
i1 f̃ff i < 0 for some i, the ith point is

omitted from the contact points and f̃ff is recalculated.

B. Referential point of contact

The referential points pppRi of the ith contact point and
the displacement from it is determined based on Hwang’s
method[14], which is described as follows. Suppose a new
collision of a vertex is detected, and registered as ith contact
point. Let pppPi be the position of the vertex before one step.
Suppose the velocity of the vertex keeps constant during
integration, pppRi is calculated as the intersection between the
contact plane and the line connecting pppPi and pppi as illustrated
in Fig.3.

pppRi = (1− s)pppPi + spppi

s =
nnnT

i1(pppi0− pppPi)

nnnT
i1(pppi− pppPi)

, (16)

where pppi0 is an arbitrary point on the contact plane. We get

dddi = pppi− pppRi. (17)
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Fig. 4. Model of friction force transition

C. Handling of friction and slipping

The magnitude of the friction force ‖ fff Fi‖ has to satisfy
the following condition about the maximum friction force

‖ fff Fi‖ ≤ µsi‖ fff Ni‖ (18)

where µsi is the maximum static friction coefficient. If f̃ff
calculated as Eq.15 violates the condition (18), it has to be
modified as

fff Fi =−µdi‖ fff Ni‖
fff Fi

‖ fff Fi‖
, (19)

where µdi is the kinetic friction coefficient. In this cas, pppRi
is updated to the projection point of pppi on the contact plane
as

pppRi = pppi−
(
nnnT

i1 (pppi− pppi0)
)

nnni1. (20)

The maximum static friction coefficient is usually larger
than the kinetic friction coefficient, and the transition of the
friction force is modeled as a curve in Fig.4. In the ideal
model, the static friction force works it and only if ṗpp = 000.
Otherwise, the kinetic friction force works. However, in com-
puter simulations, the process is discretized and quantized.
When a force beyond the maximul static friction force at
the ith contact point is estimated by Eq.(15), it goes into
the kinetic friction and slips regardless of the velocity of the
point. Once it begins to slip, the friction never goes over
µdi‖ fff Fi‖. If

‖ f̃ff Fi‖> µdi‖ f̃ff Ni‖, (21)

it remains the kinetic friction and the friction force is
modified as follows:

fff Fi←−µdi‖ fff Ni‖ω(‖vvvFi‖)
fff Fi

‖ fff Fi‖
, (22)

where vvvFi is the projected relative velocity between contact
points on the contact plane, in other words, sliding velocity,
and ω(x) is a function defined as

ω(x) = 1− e−kω x, (23)

which is used by Yamane et al.[4] method. When a contact
points is slipping, the sliding velocity of the point does
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Fig. 5. 6 DOF pendulum model. The left figure is bone model and the
right figure is simulation model.

hardly vanishes only by the kinetic friction in the descretized
process but often dithers. The function ω(x) in Eq.(23)
reduces the kinetic friction force in proportion to the velocity,
and then enables to simulate the process to rest.

D. Simulation procedure

the procedure of the overall forward dynamics simulation
with the proposed technique is as follows.

1) Detect collisions between bodies and the environment
and list contact points.

2) Compute AAA,bbb in Eqs.(5) and (8).
3) Calculate all pppi and dddi using Eqs.(16) and (17).
4) Compute contact forces by solving Eq.(13).
5) Modify friction forces and decide state of each contact

points. If the static friction forces acts on the point, the
state of the point is rest. Otherwise, the state is sliding.

6) Store the set of contact points, contact states and
positions of each contact point.

7) Calculate acceleration of all bodies by ABI method,
and integrate them.

IV. SIMULATION

A. Setup

This section shows comparative results of forward dynam-
ics simulations for articulated rigid bodies. The performance
of the proposed method was evaluated by comparing with
microscopic and macroscopic methods about (i) the largest
integration interval for stable computation and calculation
time, (ii) normal forces at contact points and (iii) friction
forces. A simple spring-damper model is adopted as micro-
scopic method and Fujimoto et al.[15] method as macro-
scopic method.

The simulation model is a 6DOF pendulum that has six
links cnnected by six revolute joints shown in Fig.5. The
height of the revolute joint connecting the root link to an
invisible ceiling is 42[cm] from the ground. Each linkis a 4×
4×10[cm] and 0.3[kg] cuboid. 5[s] motions were simulated
using Runge-Kutta-Gill method as integrator. This simulation
run on a PC with Intel(R) Core(TM) i7-2720QM 2.20 [GHz]
CPU and 8 [GB] RAM.

Collisions are supposed to happen only between the links
and the ground. µd = 0.4 and µs = 1.0. The Initial angle of

method interval time ∆ t[s] calculation time [s]
microscopic method 0.00001 160.8
macroscopic method 0.001 7.59
proposed method 0.001 22.3

TABLE I
STEP TIME AND CALCULATION TIME WITH THE MICROSCOPIC,

MACROSCOPIC AND PROPOSED METHOD

the root revolute joint was set for 60[deg] and the others for
0[deg]. A viscosity coefficient 0.0001 is applied to all the
joints.

B. Snapshots

Figs.6, 7 and 8 are snapshots with microscopic, macro-
scopic and the proposed methods, respectively. One may see
qualitatively from those figures that the simulated motions
with the three methods are almost the same. However, taking
a closer look at these figures from 0.792[s] to 0.990[s], the
reactions of collisions are obviously different.

C. Calculation time and interval ∆ t

The calculation times and integration intervals with the
three methods are tabulated in Table I. This table shows that
interval time ∆ t of the proposed method is larger than that
of the microscopic method, namely, the proposed method
has lower calculation cost than the microscopic method.
Compared with the macroscopic method, The calculation
time of the proposed method is larger while the costs of
them are at the same level.

D. Normal forces

Figs.9, 11 and 13 are the computed normal forces at four
contact points for the three methods. These points are the
vertices of the end link that contacts to the ground at the
end of simulation. Fig.11 shows that the normal forces of the
macroscopic method chatters due to numerical instability. In
contrast, Fig.13 shows those of the proposed method, which
are smooth and more reasonable since the forces are similar
to those of the microscopic method where deformations of
bodies are modeled. Note that forces at the contact points 1
and 2 are not shown in Figs.9 and 13 since they are the same
state as the points 4 and 3, respectively. The distribution of
the computed contact forces with the microscopic and the
proposed method are moderated.

E. Friction forces

Figs.10, 12 and 14 are the computed friction forces at
the four contact point for the three methods. Fig.12 shows
that the friction forces of the macroscopic model also have
chattering as well as the normal forces. Fig.10 shows that
the static friction forces was unable to be calculated with
the microscopic model since the calculated friction forces
are zero when the velocities of contact points acted by the
forces are zero expressed by red dotted line. In contrast, the
proposed method is enable to calculate static friction shown
by Fig.14. The calculated frictions during 4[s] to 5[s] are
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Fig. 6. Snapshot of a stable simulation with the microscopic method

Fig. 7. Snapshot of a stable simulation with the macroscopic method

Fig. 8. Snapshot of a stable simulation with the proposed method
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Fig. 9. Normal forces acting at contact vertices with the microscopic methods
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Fig. 10. Friction forces acting at contact vertices
and the velocities with the microscopic methods

static frictions since the velocities at contact points are almost
zero at all times.

V. CONCLUSION

This paper proposed a novel forward dynamics compu-
tation method which complexity is O(n) where n is the
number of bodies. In this method, contact constraints based
on the macroscopic method are relaxed by regularization
technique, thereby the numerical stability is improved. The
relaxation causes larger penetrations at contact points, which
are compensated the penetrations at the momentum-level by
low computation cost. In addition, a novel friction model was
proposed. This model enables to compute the static friction
more stably. The performance of the proposed method was

evaluated by comparing with the microscopic and macro-
scopic methods with simulation of 6DOF pendulum’s mo-
tion.
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