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Based On Hestenes-Powell Multiplier Method
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namely, a non-empty subset of joint displacements which
does not yield any movement of the effector, and to satisfy
the high-priority constraint in the image space.
This approach has the following three problems.
I) The solvability of the problem, namely, the achievability of the high-priority constraint is not guaranteed as
well as the ordinary inverse kinematics since it might
be posed without any concern with the real robot and
situation. It is more difficult to judge if the problem is
solvable or not in advance. As Sugihara [8] pointed out,
the least-square-error solution necessarily approaches
to the singular point in unsolvable cases, so that the
computation will be bankrupted in the worst case. It
is unacceptable over a situation where the strictness of
the computation is lost in real operations of robots.
II) To get the least-square-error solution utilizing the
kernel space is a heavy computation in which multiplications of matrices and inverse matrices have to
be directly handled.
III) The computation originally aims to solve nonlinear
simultaneous equations, in other words, to find zeros
of a manifold. It is not essential to discuss the image
space and the kernel space of the tangential hyperplane
of the manifold strictly in each step of iteration. The
complicated computation does not pay off.
This paper proposes a novel numerical solution of the prioritized inverse kinematics based on Hestenes-Powell multiplier method [9], [10], which is a method for quadratic programmings with equality constraints. The method simultaneously finds the joint displacements and its adjoint variables,
which is also known as Lagrange’s multiplier, in an iterative
way. It can be implemented by a slight modification of
an inverse kinematics solver based on Levenberg-Marquardt
method (LM method) proposed by Sugihara [8]. It does neither require a heavy computation of the pseudoinverse matrix
nor the kernel space in each step, but rapidly converges to a
solution which satisfies the high-priority constraint as long
as it exists. A remaining problem is that the convergence is
slowed down in principle when the problem is unsolvable
since Lagrange’s multiplier linearly converges, while the
joint displacement superlinearly converges. However, it is the
most preferable to the conventional methods in terms of the
robustness. Even in the case that the high-priority constraint
is not achievable, it finds the least-square-error solution.
Comparative studies with the conventional methods showed
that only the proposed method marked 100 % success rate.

Abstract— A robust numerical solution of the prioritized
inverse kinematics is proposed. It is based on the augmented
Lagrangian function and Hestenes-Powell’s multiplier method.
It originates the weighted inverse kinematics and only requires
a small modification including an accumulation of the error of
the high-priority constraint at each step of iteration and an
estimation of Lagrange’s multiplier. Hence, it is preferable to
the conventional method, which is accompanied with an explicit
complex computation of the kernel space, from the viewpoint
of both the implementation cost and the computation cost per
step. A drawback is that the proposed method becomes slow in
some situations since Lagrange’s multiplier linearly converges,
while the joint displacements superlinearly converge. In some
unlucky situations, it requires more computation cost in total
than the conventional method. However, the proposed method
is robust even in cases where the high-priority constraint is
unsatisfiable. In fact, the proposed method solely succeeded in
all the tested cases including unsolvable ones.

I. I NTRODUCTION
Inverse kinematics is a basic computation which maps
required movements of a robot in the task space, the position
and attitude of effectors in particular, to joint displacements. The required movements might be posed regardless
of whether it is achievable or not by the real robot. It means
that in some cases the problem becomes unsolvable, namely,
any combinations of joint displacements cannot satisfy the
requirements on the motion. The prioritized inverse kinematics [1] is an idea to resolve this problem by classifying the
requirements into ones that have to be strictly satisfied and
the other ones that do not and by minimizing the residual
error of the latter as non-binding tasks based on the purpose
and physical constraints. The former is called the highpriority constraint and the latter the low-priority constraint.
Inverse kinematics is a root-finding of complex nonlinear
simultaneous equations. It is impossible in general to find the
solution analytically except for particular mechanisms [2]–
[5]. In many situations, one relies on a numerical solution,
which is based on the differential inverse kinematics. The
prioritized inverse kinematics has also been discussed mainly
in the context of the differential inverse kinematics [1],
[6]. As well-known in the field of robot kinematics, the
infinitesimal displacements of joints are linearly mapped to
the infinitesimal displacements of effectors [7]. The idea is
to minimize the error of the low-priority constraint in the
kernel space of the above map from the joint to the effector,
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are used. JW and JS are the basic Jacobian matrices
[11] which map the infinitesimal joint displacement to the
corresponding positions and attitudes of links, respectively.
The problem comes down to a root-finding of the above
simultaneous equation.
The family of gradient methods which originate from
Newton-Raphson’s method first linearizes Eqs. (5) and (6)
around q = qk at the k’th step of iteration as

II. R EVIEW: P RIORITIZED I NVERSE K INEMATICS
Suppose the required movement of a robot in the task
space is represented by a combination of desired positions
and attitudes of several links. The inverse kinematics comes
down to a root-finding of the following nonlinear simultaneous equation:
e(q) = 0,

(1)

T
T
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k WW JW k ∆qk + JSk λk = JW k WW eW k
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where q = [q1 q2 · · · qn ] ∈ Rn is the joint displacement
vector,
T

T
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, (3)
ei (q) ≡
d
T
a( Ri Ri (q)) (attitude constraint)

where JW k = JW (qk ), JSk = JS (qk ), eW k = eW (qk )
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pi (q) ∈ R3 and d pi (q) ∈ R3 are the i’th point of interest on
the robot body and its desired value, respectively, Ri (q) ∈
SO(3) and d Ri (q) ∈ SO(3) are the attitude of the i’th link
of interest and its desired value, respectively, and a(R) ∈ R3
for an arbitrary R ∈ SO(3) means the equivalent angle-axis
vector defined as the rotation axis multiplied by the rotation
angle. In any type of the constraints, ei (q) measures the
error from the desired value.
As noted in the introduction, d pi and d Ri can be given
without any concern with geometric and kinematic constraints of the real robot, so that the solvability of the
equation (1) is not guaranteed in general. Let us classify e(q)
into eS (q), which is required to be zero as the high-priority
constraint, and eW (q), which is required to be minimized
as much as possible as the low-priority constraint. The
prioritized inverse kinematics is mathematically formalized
as a quadratic programming with an equality constraint as
E≡

By solving the above equation and updating q as
qk+1 = qk + ∆qk ,

(12)

it is expected to asymptotically converge to the solution of
Eqs. (5) and (6). Note that λk is directly acquired in each
step.
The problem here is that the size and rank of JSk and JW k
can be any integer values in general, and accordingly, neither
the regularity nor the positive-definiteness of the coefficient
matrix of the left side of Eq. (11) is not guaranteed. Although
Moore-Penrose’s inverse matrix (MP-inverse) provides a formal solution of ∆qk , it causes serious numerical instability
near the singular point due to ill-posedness. The prioritized
inverse kinematics deals with unsolvable equations in nature,
and thus, the solution is often found around the singular
point. Hence, the iteration usually fails to converge with this
approach.
Now, one may know that Eq. (11) can be solved without
explicitly computing λ. Let us define A# for an arbitrary
matrix A as the weighted MP-inverse, hereafter. The general
solution of Eq. (10) is represented as

1 T
e WW eW → min. subject to eS = 0, (QP1)
2 W

where eW = eW (q), eS = eS (q), and WW is a positivedefinite weighting matrix, which is usually given as a diagonal matrix.
Let us define the Lagrange function with respect to the
above problem as

∆qk = qSk + NSk y,

(13)

where qS ≡ JS# eS , qSk ≡ qS (qk ), NS ≡ JS# JS − 1 is
the basis matrix of the kernel space of JS , NSk ≡ NS (qk )
and y is an arbitrary n × 1 vector. When treating y as a
new design variable, the following equation is satisfied at
the optimum of the problem (QP1):

T
∂E
=0
∂y
T
T
⇔ J˜W
WW J˜W y = J˜W
WW (eW − JW qS ),
(14)

1 T
(4)
e WW eW + λT eS ,
2 W
where λ is the Lagrange’s multiplier. The optimal solution
of the problem (QP1) satisfies

T
∂L
T
= −JW
WW eW − JST λ = 0
(5)
∂q
T

∂L
= eS = 0,
(6)
∂λ
L≡

where J˜W = JW NS . Then, let

where
∂eW
' −JW
∂q
∂eS
' −JS
∂q

(9)
(10)

#
y = J˜W
k (eW k − JW k qSk ),

(7)

(15)

where J˜W k ≡ J˜W (qk ). We get ∆qk by putting this into
Eq. (13). The above method was proposed by Nakamura,
Hanafusa and Yoshikawa [1]. Obviously, it requires heavy

(8)
511

The following equations are satisfied at the optimum of the
problem (QP2):
 0 T
∂L
T
= −JW
WW eW − JST (eS + λ) = 0
(19)
∂q
 0 T
∂L
= eS = 0.
(20)
∂λ

computations such as multiplications of matrices and MPinverse matrices. It should be noted that Eq. (15) is a solution
of the following linear simultaneous equations:
J˜W k y = eW k − JW k qSk ,

(16)

which can be solved with O(n2 ) computation complexity
#
without computing MP-inverse matrix J˜W
k as well as qSk ,
even though they are based on MP-inverse. However, the
computation of the coefficient matrix J˜W k itself requires an
#
explicit computation of MP-inverse JSk
since it includes
NSk , which is with O(n3 ) computation complexity. The
problem of numerical instability around the singular point
still exists. Also, an implementation of complex computation
is often accompanied with bugs.
Nakamura and Hanafusa [12], and Chiaverini [13] proposed to use the singularity-robust inverse matrix (SRinverse) instead of MP-inverse in Eq. (15). It is supported
by a fact that SR-inverse does not affect the kernel space. It
is also formally possible to use SR-inverse in Eq. (13). Those
ideas help to reduce the risk of numerical instability but are
with almost the same computation complexity. The set of q
which satisfies the high-priority constraint forms a manifold,
and the inverse kinematics is to find a zero of the manifold.
The discussion should be made in terms of the behavior of q
on the manifold rather than that on the tangential hyperplane
of q. In this sense, it is not essential to discuss the image
space and the kernel space of the tangential hyperplane.
To summarize, the above method is mathematically rational as a solution to the prioritized differential inverse
kinematics, but is too complex as that to the prioritized
inverse kinematics, so that its cost for implementation and
computation does not pay off.

One may find that it is equivalent with Eqs. (5) and (6) with a
notice to Eq. (20), namely, the optimum of (QP2) is also that
of the original problem (QP1). Furthermore, a comparison of
Eqs. (5) and (19) inplicates that, when q which minimizes
L0 for a given λ is acquired, the corresponding eS + λ is
closer to Lagrange’s multiplier at the optimum than λ. Refer
the original papers for detailed discussions.
Based on the above, we have an updating rule of the
multiplier method standing upon LM method as
−1 T
Jk WE e0k
(21)
qk+1 = qk + JkT WE Jk + WN k
λk+1 = λk + eSk ,
(22)
where
Jk ≡

III. ROBUST SOLUTION OF PRIORITIZED INVERSE
M ULTIPLIER METHOD AND LM
METHOD

The multiplier method is an iterative solution for a
quadratic programming with an equality constraint, which
was proposed independently by Hestenes [9] and Powell
[10]. It simultaneously updates the design variable and its adjoint variable, namely, Lagrange’s multiplier, and approaches
to the optimum point on the manifold corresponding to the
equality constraint. In this method, the following extended
Lagrange function is used instead of Eq. (4):
1 T
e WE e + λT eS ,
2
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(24)
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where λi,k is a value of the adjoint variable corresponding to
ei at the k’th step of iteration, (e) for an arbitrary angle-axis
vector e is a function which converts e to a unit quaternion
for the Euler parameters, and e() for an arbitrary Euler
parameters  is a function which converts  to an angle-axis
vector.

This means that the quadratic programming (QP1) is equivalently modified as
E0 ≡

#

i = (ei )
λi,k + i
λi,k+1 =
kλi,k + i k
e0i = e(λi,k ),

#
.

JSk
JW k

WN k is the damping factor in LM method. For the readers’
reference, the original method is a tandem iteration which
alternates the unconstrained optimization of L0 for a given
λk and the update of λk , while the proposed method simultaneously updates qk and λk in every step.
The above updating rule is only different from that in the
weighted inverse kinematics based on LM method [8] at that
it accumulates the residual of the high-priority constraint by
Eq. (22) and uses e0k instead of ek . Namely, the computation
cost in each step of iteration and the implementation cost are
almost the same with that of the weighted inverse kinematics.
It is also expected that it robustly minimizes the norm of eS
even in unsolvable cases where any q does not satisfy the
equality constraint. A drawback is that λk linearly converges,
while qk superlinearly converges.
Constraints on attitude should be carefully handled. Since
the error of attitude is defined by the angle-axis representation, it is inadequate to sum it up for the error accumulation.
In the author’s implementation, the following computation is
employed for a high-priority constraint on attitude ei :

KINEMATICS BASED ON

L0 ≡

"

(QP2)
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Fig. 1. Kinematics model of the tested redundant manipulator comprising
five links and four spherical joints
Fig. 3. Test 2: prioritized IK with unsolvable constraint, where the target of
Point 1 (highly-prioritized constraint) moves forward as to be out of reach,
while that of Point 2 (lowly-prioritized constraint) is fixed.

Initial pose of
each iteration

1 at (0, 0.4 + 0.004i, 0), where i is an integer value
from 0 to 100 so that the desired y-value of Point
1 varies from 0.4 to 0.8 (farther than the maximum
length of the manipulator), as illustrated in Fig. 3.
The following 6 cases were examined for comparison.
• w = 1.0: weighted inverse kinematics proposed by
Sugihara [8], where the weight on the high-priority
constraint is set for 1.0
• w = 10.0: same with the above, where the weight on
the high-priority constraint is set for 10.0
• w = 100.0: same with the above, where the weight on
the high-priority constraint is set for 100.0
• HYN-MP: prioritized inverse kinematics proposed by
Nakamura, Hanafusa and Yoshikawa [1], where SRinverse is used in Eq. (15)
• HYN-SR: same with the above, where SR-inverse is
used in Eqs. (13) and (15)
• Proposed: the proposed method
An efficient way to compute MP-inverse and the basis matrix
of its kernel space, which is necessary for HYN-MP, is
shown in Appendix. For the readers’ reference, HYN-MP is
adopted in Yamane et al. [14]. The weight on the low-priority
constraint was set for 1.0. q was initialized to q0 = 0 in every
computation. Note that it is the singular point. Iteration was
terminated if any of the three condition was satisfied.
i) Absolute values of all components of ∆qk are less than
ε = 1.0 × 10−12
ii) Absotlute value of deviation of kek k from the previou
step is less than δ = 1.0 × 10−12
iii) The total number of iteration was over 10,000 times
Fig. 4 shows the result of Test 1. (a) is the error of the
high-priority constraint. In the weighted inverse kinematics,
it decreases as the weight increases. However, no matter how
large the weight is increased, it increases as the desired position of Point 2 goes further. The weighted inverse kinematics
cannot guarantee to lower the error than a certain threshould
with respect to an arbitrarily given desired value. It reaffirms
that the weighted inverse kinematics solver is not sufficient

Point 2

Point 1

Fig. 2. Test 1: prioritized IK with solvable constraint, where the target of
Point 1 (highly-prioritized constraint) is fixed while that of Point 2 (lowlyprioritized constraint) moves upward as to be out of reach.

IV. E VALUATION
The proposed method was evaluated particularly from the
viewpoint of robustness and the computation time with a
kinematic model of a manipulator depicted in Fig. 1. This
model is the same with the one used in Sugihara [8], which
comprises 5 links serially connected by four spherical joints.
The total degree-of-freedom is 12. The distance between joint
axes are uniformly 0.15[m], and that from the center of the
last joint axis to the endpoint is 0.05[m]. An inherent redundancy of the manipulator necessitates a numerical solution of
the inverse kinematics. In addition, many singular points are
eccentically located within its workspace, so that it favors
for measuring the robustness of the algorithm.
The following two tests were conducted.
Test 1:remain the endpoint (Point 1) at position (0, 0.4, 0)
and approach the center of the third joint axis (Point
2) as close to (0, 0.2, 0.005i) as possible, where i is
an integer value from 0 to 100 so that the desired zvalue of Point 2 varies from 0 to 0.5 (the maximum
height of the manipulator), as illustrated in Fig. 2.
Test 2:remain the desired position of Point 2 at
(0, 0.2, 0.5) and move the desired position of Point
513

for the prioritized inverse kinematics and another approach is
required for the problem. The proposed method succeeded
to lower the error of the high-priority constraint than the
threshould as well as the conventional Nakamura, Hanafusa
and Yoshikawa’s method. (b) is the error of the low-priority
constraint. It shows that the weighted inverse kinematics
sacrifices the strictness of the high-priority constraint, and
as a side-effect, the error of the low-priority constraint is
lowered. It is also expected that the error asymptotically
approaches to that of the prioritized inverse kinematics. In
terms of the computation time, (c) shows that the proposed
method is faster than the other methods in the cases where
the error of the low-priority constraint is small, but becomes
slower as the error of the low-priority constraint increases.
It is because the computation time per step of the proposed
method is short but it requires more steps of iteration due to
its linearly convergent property.
Fig. 5 shows the result of Test 2. (a)(b) presents a fact
that the conventional Nakamura, Hanafusa and Yoshikawa’s
method becomes numerically unstable when the high-priority
constraint is given near the singular point or out of the
achievable range. Since HYN-MP and HYN-SR do not differ
from each other in terms of this property, one should know
that it cannot be resolved by replacing some MP-inverse for
SR-inverse in the computation process. On the other hand,
the proposed method solely succeeded in the all cases, so that
it is obviously favorable from the viewpoint of robustness.
In this case, the computation time of the proposed method is
also shorter as (c) shows, though its poor-convergence still
remains as a problem.

III) In the proposed method, Lagrange’s multiplier linearly
converges, while the joint displacement superlinearly
converges. It makes the method slow particularly when
the high-priority constraint is unachievable, so that
it requires more computation cost in total than the
conventional method in some situations. It is the future
work to improve the converegence performance.
The prioritized inverse kinematics is an important computation particularly for a robot which leverages a large number
of degrees-of-freedom and keeps contacts at many points
with the environment to perform e.g. a humanoid robot.
The authors are undertaking a work to apply the proposed
method to designing a lively motion of a humanoid robot
which positively uses the limits of movements such as kneestretched postures but robustly keeps the supporting region
and satisfies the dynamical constraint. It will be presented in
the nearest conference.
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V. C ONCLUSION
A novel solution to the prioritized inverse kinematics
based on Hestenes-Powell’s multiplier method was proposed.
The pros and cons are summarized as follows.
I) While the conventional method explicitly manipulates
the kernel space and hence is accompanied with a
heavy computation, the proposed method has almost
the same implementation cost and the computation
cost in each step with that of the weighted inverse
kinematics as it only adds the accumulation of the error
of the high-priority constraint and the estimation of
Lagrange’s multiplier.
II) As well as in the (general) inverse kinematics, the
solvability of the problem, namely, the existence of
the solution which satisfies the high-priority constraint,
is not guaranteed and it is more difficult to judge if
the problem is solvable in advance in the prioritized
inverse kinematics. The conventional method does not
have any countermeasure against this issue and often
fails. On the other hand, the proposed method is robust,
being unconcerned with the solvability of the problem,
as long as the original weighted inverse kinematics
solver is robust. In fact, the proposed method solely
succeeded in all the tested cases including unsolvable
ones.

A PPENDIX
MP-inverse matrix and Basis matrix of the kernel space
using LQ decomposition
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Let us decompose a matrix A into the following LQ form:

0.7

0.8

Result of Test 2

where W is a positive-definite weighting matrix, which is
usually chosen as a diagonal matrix. The basis matrix of the
kernel space of A, N , is also computed as

(27)

N = A# A − 1 = QT (LT W L)−1 LT W LQ − 1

where L and Q are guaranteed to be column-full-rank and
row-full-rank, respectively. Q is an orthonormal matrix. The
MP-inverse matrix, or more strictly, the weighted MP-inverse
matrix of A, A# is computed as
A# = QT (LT W L)−1 LT W ,

0.6

(c) Computation time

Result of Test 1

A = LQ,

0.5

Desired position of point 1 in y-axis [m]

= QT Q − 1.
If Q is full-rank, N = O from the orthonormality.

(28)
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